There has been a recent surge of interest in dualities relating theories of Chern-Simons gauge fields coupled to either bosons or fermions within the condensed matter community, particularly in the context of topological insulators and the half-filled Landau level. Here, we study the application of one such duality to the long-standing problem of quantum Hall inter-plateaux transitions. The key motivating experimental observations are the anomalously large value of the correlation length exponent ν ≈ 2.3 and that ν is observed to be super-universal, i.e., the same in the vicinity of distinct critical points.
I. INTRODUCTION
Phase transitions between different quantum Hall states have long been viewed as poster-child examples of quantum critical phenomena. 1 The longitudinal resistivity ρ xx , the width ∆B of the transition region, and (dρ xy /dB) max exhibit scaling collapse in the vicinity of the transition over almost two decades of temperature, [4] [5] [6] [7] [8] [9] frequency, 10 and current. 11 Furthermore, although each plateau is believed to represent a distinct topologically ordered phase with (generally) different sets of fractionalized excitations, inter-plateaux transitions appear to possess the same values for the correlation length exponent ν ≈ 2.3 and dynamical critical exponent z ≈ 1: distinct critical points exhibit "super-universality." 1, [12] [13] [14] The anomalously large value of ν ≈ 2.3 and the apparent super-universality remain a major mystery from theoretical standpoint, as an accurate description clearly involves strong interactions as well as some form of translational symmetry breaking, such as disorder. This problem has been studied from a field-theoretic perspective using a theory of flux-attached bosons. 12 However it has been difficult to make progress due to the fact that the the quantum field theory of interest (matter coupled to an abelian Chern-Simons gauge field) is strongly coupled.
12,15-20
Controlled approximations to this theory yield correlation length exponents that strongly depend on the particular quantum Hall transition.
2,3
Duality provides a powerful perspective for studying strongly coupled quantum field theories that has been used in the past with great success. [21] [22] [23] [24] [25] [26] [27] There are two senses in which different theories are said to be dual. The first is an exact equivalence of theories. A familiar example is bosonization in 1 + 1 dimensions where a selfinteracting Dirac fermion can be equivalently described by the theory of a free boson. [21] [22] [23] The second type of duality is as an IR equivalence: two theories are IR dual if they belong to the same universality class. In this paper, we use duality in this second sense. A famous example is particle-vortex duality in 2 + 1 dimensions.
28-30
This duality identifies the IR content of the XY model to that of a lattice superconductor coupled to a U (1) gauge field, i.e., the Abelian-Higgs model. Historically, particlevortex duality was used as a means to understand the Abelian-Higgs model, as applied to superconductivity; the XY model was relatively well understood, so duality allowed one to predict the existence of a continuous phase transition as well as its critical behavior. Similarly, level-rank dualities were discovered, and in fact proven, for pure Chern-Simons theories. 31, 32 As its name implies, these dualities swap the Chern-Simons level and the rank of the gauge group (in Yang-Mills regularization) up to U (1) factors.
33
Recently, generalizations of level-rank duality have been proposed. [33] [34] [35] [36] [37] The conjectured duals relate theories of Chern-Simons gauge fields coupled to either fermionic or bosonic matter fields and may, in some cases, be thought of as bosonization in 2+1 dimensions. These dualities have been of particular interest to the condensed matter community 38, 39 in explaining 40,41 the T-Pfaffian surface state of a topological insulator as well as providing a new effective description for the half-filled Landau level that is manifestly particle-hole symmetric, 42 thereby "symmetrizing" the seminal work by Halperin, Lee, and Read. 20 We suggest that these new dualities could also be useful in understanding phase transitions between fractional quantum Hall states, as they involve theories that generalize prior effective descriptions conarXiv:1710.11137v1 [cond-mat.str-el] 30 Oct 2017 sisting of abelian Chern-Simons gauge fields coupled to matter. 2, 3, 12 To this end, we expand in this paper upon previous efforts to understand fractional quantum Hall transitions in field theoretic models without disorder. In contrast to prior works, 2,3 the class of theories we study consists of a Chern-Simons gauge field with non-abelian U (N c ) gauge group for N c > 1 coupled to N f Dirac fermions. When N f = 1, this model is dual to the theory of a fractional quantum Hall transition first studied by Wen and Wu 3 and may be viewed as a generalization of the theory studied by Chen, Fisher, and Wu.
2 Although our model is strongly coupled, it can be reliably studied in various controlled limits. In this paper, we consider the limit where N f N c 1. In this large N f N c limit, we compute the correlation length exponent ν to leading non-trivial order. Although we do not find an anomalously large ν within this expansion, effective theories with non-abelian gauge symmetry provide a larger parameter space for exploration that could yield new insights.
The remainder of this paper is organized as follows. In section II, we write down our starting theory and discuss its fermonic dual. In section III, we discuss the calculation of the correlation length exponent ν in the fermionic theory in the large N f N c expansion. In section IV, we discuss our results. An appendix contains details on the calculation of ν.
II. DUALITIES
Our starting point is the field theory studied by Wen and Wu 3 that describes a fractional quantum Hall to insulator transition as a superfluid-Mott transition of composite bosons. The 2 + 1-dimensional Lagrangian in Euclidean signature is
In this theory, the fluctuating U (1) Chern-Simons gauge field a µ with µ ∈ {1, 2, 3} attaches k B flux quanta to the complex bosonic field φ. These flux-attached bosons are probed by the external electromagnetic gauge field A µ and carry charge e * . The coupling g is understood to take its IR fixed point value. The transition is tuned by the renormalized mass m 2 : in the m 2 > 0 phase (where φ is gapped), the Hall conductivity σ xy = 0; in the m 2 < 0 phase (where φ condenses),
h ; in both phases, σ xx = 0 (σ ij refers to the zero-temperature dc conductivity). For the fractional quantum Hall -Mott insulator transition, we must choose k B ∈ Z. For instance, to describe the 0 → 1/3, transition, one sets e * = 1 and k B = 3. We are interested in the critical properties of Eq. (1), so we set m 2 = 0 for the remainder of this paper. We would like to study a dual description of this fractional quantum Hall to Mott insulator transition using a
A schematic plot of parameter space for ChernSimons theories with bosonic and fermionic matter. Note that the orientation of the y-axis is inverted between the bosonic and fermionic cubes. The double arrows indicate a duality between the connected points. The pink points refer to free theories and the yellow points to "infinitely coupled" theories. Previous works have studied the large color and large flavor theories both in the fermionic and bosonic cases, labeled in orange and blue.
2,3,34,46,47 The red dot corresponds to our physical theory, while our calculation in the N f Nc expansion is done in the green region. All calculations give ν = 1 at leading order, 2,3,34,46,47 while experiments give ν ≈ 2.3. Chern-Simons theory with U (N c ) gauge symmetry coupled to a fermion. For this, we need to remedy the fact that the Chern-Simons level (equal to −1/k B ) for a µ in Eq. (1) is not quantized when k B ∈ Z is greater than one (see footnote 43 ). Further using a generalized particlevortex duality, 44 we arrive at
Note thatφ and the U (1) gauge fieldâ µ in Eq. (2) are different from the corresponding fields in Eq. 1. A nonrelativistic version of the duality between Eqs. (1) and (2) was also proposed by Lee. 45 From this point forth, we will drop the non-dynamical background gauge field A µ .
In the hopes of understanding the effects of the strong interactions in Eq. (2), we can generalize the theory in several ways: we enlarge the gauge symmetry from Remarkably, the recent Chern-Simons plus matter dualities sometimes relate a strongly correlated theory to a free one, and thereby constitute a non-perturbative solution to an interacting problem. Unfortunately, this does not appear to occur for the theory described by Eq. (2). Instead, duality relates the IR limit of Eq. (2) to the IR limit of the theory of a Chern-Simons gauge field coupled to a Dirac fermion:
In the bottom half, ψ is a 2-component fermionic field transforming in the fundamental representation of
, and the γ-matrices satisfy {γ µ , γ ν } = 2δ µν . The trace in the non-abelian Chern-Simons term is taken with respect to the fundamental representation. Note that we are working within dimensional regularization.
48 See the appendix for further details.
Applying duality 33, 37 to the generalized bosonic theories with non-abelian gauge group U (N B c ) and multiple flavors N f , we may schematically write:
Eq. (3) is recovered by setting N B c = N f = 1. Above, the subscripts on U (N ) signify the levels of the SU (N ) ⊂ U (N ) and U (1) ⊂ U (N ) Chern-Simons gauge fields. Armed with the dualities between generalized theories, we can now consider the three-dimensional parameter space associated with the fermionic theories (see Fig. 1 ). Duality presents the choice of which representation of the same physics to study. Fig. 1 depicts the duality mappings summarized in Eq. (4). We denote dualities between specific points in Fig. 1 with double-headed arrows that relate bosonic theories to fermionic theories. We intentionally chose the vertical axis of the two cubes to point in opposite directions in order to visually indicate how a strongly coupled theory on one side can map to a weakly coupled theory. For example, the yellow point in the bottom left corner represents the theory of a free fermion maps to an "infinitely coupled" bosonic theory. Similarly, the pink point on the top-right corner representing the "infinitely coupled" fermionic theory maps to the O(N B c → ∞) Wilson-Fisher boson. Unfortunately, the physical bosonic theory of interest (the red point), which is far from any known solvable point in the bosonic parameter space, maps to another strongly coupled theory on the fermionic side. Short of being able to directly access the physical theory, large N f expansions 2 (blue axis) and large N F c expansions 34, 46 (orange axis) have been studied on the purely fermionic side.
In the remainder of this paper, we study the fermionic dual our physical bosonic theory (red point) using Eq. (3). We attempt to access this strongly coupled fermionic theory by employing a N f N 
We generalize the fermionic side of Eq. (3) to an arbitrary number of flavors N f so that the Lagrangian becomes 3 To obtain ν, we will compute the scaling dimension of the (momentum space) mass operator J 0 (p) = (ψψ)(p). Recall that in position space, the scaling dimension δ is defined by the algebraic decay of J 0 (x)J 0 (0) ∼ x −2δ . Upon Fourier transforming, we have J 0 (p)J 0 (−p) ∼ p 2δ−d , where d = 3 is the spacetime dimension. We control the calculation in the N f N tivation was to find tractable non-supersymmetric conformal field theories with gravitational duals. 49 Here, we use Eq. (5) to model inter-plateaux transitions and, in the course of our study, we correct a minor error in Ref. [49] .
The leading order piece δ (0) of the scaling dimension of the mass operator J 0 in d Euclidean dimensions is related to the leading order decay of the correlator by
where p is the momentum inserted at the J 0 vertex. Only the tree-level diagram contributes, which results in δ (0) = 2. To calculate the anomalous dimension δ (1) of the mass operator J 0 , we extract the logarithmic divergences of the 2-point correlator as in, e.g., Ref.
[50]:
Keeping terms to O(α), we arrive at the result:
The factor of "2" appearing before the second term in the parentheses above is the quantitative difference between our result and that in Ref.
[49], and results from an additional Feynman diagram. For calculational details, see the appendix. Therefore, we arrive at the result:
We plot the anomalous dimension correction to ν at O(α) in Fig. 2 , with the y-axis measured in units of α.
Note that the correction is positive only when 1.29 < N f /k B < 4.50. In the fermionic variables, this corresponds to λ > 3.6.
If we want to consider the 0 → 1/3 transition, then we should set N f = 1, N B c = 1, e * = 1, and k B = 3. Substituting these values into Eq. (9), we find ν = 1 − .4014. In this case, the correction to ν is negative. The dynamical critical exponent z = 1 automatically, since our theory is Lorentz-invariant.
Chen, Fisher, and Wu studied the abelian version of Eq. (5) given by
where a µ is a U (1) gauge field. We have rescaled a µ to make the comparison between their theory and ours more transparent. They extract ν from the scaling dimension [ψψ] in a large N f expansion and arrive at the result,
where
Comparing Eq. (10) and Eq. (12), we see that the two expressions formally match. To O(α), our non-abelian extension to U (N 
IV. DISCUSSION
The long-standing observations of super-universality and the anomalously large correlation exponent ν associated with quantum Hall inter-plateaux transitions remain a conundrum. Duality motivates an exploration of a large space of theories that may provide new insight. We focused on an effective description of a fractional quantum Hall transition involving a non-abelian Chern-Simons gauge field with U (N c ) gauge group and N f fermions. This theory is dual to the critical theory of an abelian Chern-Simons gauge field coupled to a boson. We calculated the correlation length exponent ν to first subleading order in the large N f N c expansion, filling in the green region in Fig. 1 . We found the N f N F c expansion to be formally equivalent to a fermionic large N f expansion (blue axis) to first subleading order,
2 although the precise values of the ν inferred differ. Accordingly the exponent ν continues to depend on the pair of plateaux in question, rather than showing any super-universality. Moreover, the calculated exponent ν continues to be far below the experimental value.
Clearly there are many aspects of the physical problem that were left out in our model. It may be that translational symmetry breaking needs to be incorporated so as to include the effect of disorder. Also, the thus-far unexplored subleading correction in the large N c limit may prove enlightening. However, it appears plausible that calculating the exponent order by order with respect to some perturbative control parameter may not be the best strategy. Rather, it would be interesting to address the apparent super-universality in a more wholesome manner from the outset. The Lagrangian we study is
Define light-cone coordinates via analytic continuation to be x ± = (x 1 ± ix 2 )/ √ 2, and let x 2 s = x 2 1 + x 2 2 = 2x + x − . We will work in light-cone gauge a − = 0, which decouples the ghosts and removes the cubic gauge interaction term.
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We will also take γ i = σ i , the Pauli matrices. We normalize our gauge group generators by Tr T a T b = δ ab /2. We will regularize our theory by using a momentum-cutoff Λ in the 1-2 plane and dimensional-regularization in the x 3 direction, as has been done by others.
49,53
The Feynman rules for the bare propagators and interactions are
Under duality, we expect φ
